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Fig. 2 Stability regions.

Stability Considerations

If & is constant, Eq. (9) shows that y is also constant, and
then the coefficients ci, c2, and c3 are constant. Eliminating
ft between Eqs. (7) and (8) then leads to the differential
equation

d*a/dt* + fe2 - c2 - cs)d*a/dt* + c2c3a = 0 (13)

Thomson2 has shown that solutions of this type of equation
will remain small if the coefficients satisfy the inequalities

c2 0

0

- c2 - c3)2 - 4c2c3 > 0

(14)

(15)

(16)

These relations thus represent the stability criteria for a
satellite with a constant- speed disk gyro.

As a specific example, consider the case when 7 is exactly
equal to the negative of 6. This is a situation in which V
essentially maintains a fixed attitude in inertial space. Un-
der these conditions, the inequalities (14-16) may be written

3£ - 1 + 477(77 - 1) > 0 (17)

4 - 3? + 277(277 - 5 + 3f) > 0 (18)

+ 24772)£ - 15(6 - 4877 - 8r?2 -
3277s + 16r74 > 0 (19)

where £ and 77 are dimensionless parameters given by

(20)

The relations (17-19) determine regions of stability on an
£-77 diagram. These are shown in Fig. 2. Since £ is es-
sentially a function of the satellite geometry, and 77 is propor-
tional to 12, the diagram provides the gyro speed require-
ments necessary for maintaining stability for the various
satellite shapes.
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Optimization of Random Satellite
Systems through the Use of

Integer Programing Techniques

NATHAN TONELSON* AND MARK WALL*
ITT Communication Systems, Inc., Paramus, N. J.

ASATELLITE communication system that consists of
randomly spaced satellites in circular orbit seems to be"a

likely choice for future satellite communications. A digital
computer program has been developed to obtain the coverage
given to any pair of ground stations by a satellite at any alti-
tude and any inclination angle. The program requires only
the latitude and longitude of the ground station, altitude, and
inclination angle of the satellite, and ground station minimum
antenna elevation angle; it can be utilized for both active
and passive satellite systems. The assumption of a random
satellite system permits some interesting manipulation,
which allows us to obtain the optimum mix of satellites in in-
clination angle and altitude to satisfy specified communica-
tion requirements at minimum cost. For the randomness
assumption to be correct, satellites must have random orbits
for a given inclination, as well as be randomly phased with
respect to each other within a given orbit.

Geometry of the Problem

For any two ground stations to be able to communicate, the
same satellite must be visible to each. The region of com-
munication for a particular ground station is defined by the
antenna elevation angle B, the satellite orbit altitude H, and
the latitude S and longitude M of the ground station. The
ground antenna can rotate 360° in azimuth and (180°-2J5) in
elevation; it can see everything that is at least B° above the
horizon (line-of-sight). The region of communication is the
area formed by the intersection of the cone generated by the
antenna with the sphere at altitude H. For circular orbits,
the intersection of the antenna cone with the orbit sphere de-
fines a circle, which can be radially projected to the earth, so
that the region of communication can be defined in terms of
latitude and longitude. Equation (1) defines the longitude
boundaries of the region of communication for a specified
latitude.1-2

L = M cos~ - sinP cos(90 - S)
cosP sin(90 - S) (1)

where A = B + sin"1 [R cosB/(R + H)] and L is the longi-
tude of the boundary of the region of communication for a
specified latitude P. By next defining a time history of the
ground track trajectory of a satellite at a particular altitude
// and orbit inclination Q, we can tell what time a satellite
will be in the region of communication for any ground sta-
tion3 :

X = sin""1 (sinQ sinotf)

V = tan"1 (cosQ tanori)

7 = y0 y -Et

(2)

(3)

(4)

where X and Y are latitude and longitude of the ground track,
V the longitude change caused by orbital motion in the ab-
sence of earth rotation, E the earth angular rate, and co the
orbital angular velocity. Probabilities of visibility for the
links are obtained by indexing the starting point of satellite
ground track around the equator and averaging the percentage
of time in view obtained at each position.
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Table 1 Assumed costs (millions of dollars)

H,
naut miles

Example 1
Q = 0°

= 30°
= 45°
= 60°
= 90°

Example 2
Q = 0°

- 30°
= 45°
= 60°
= 90°

2000

10.0
2.0
2.0
3.0
3.0

5.0
1.1
1.1
1.125
1.125

4000

10.0
3.0
3.0
3.0
4.0

5.0
1.8
1.8
2.0
2.33

6000

10.0
3.0
4.0
4.0
6.0

5.0
2.0
2.33
2.33
3.0

8000

4.0
6.0
6.0
6.0

2.33
3.0
3.0
3.0

10,000

6.0
10.0
10.0
10.0

3.0
5.0
5.0
5.0

If P is the probability of seeing a satellite when only one is
in a given orbit, then the probability of seeing a satellite PN,
given N satellites distributed at random within the same
orbit, is

PAT = 1 - (1 - P)N (5)
If multiple access in the satellite is assumed, then each link
needs to have only one satellite within its useful spatial vol-
ume, but if multiple use is denied, the problem becomes more
complex. Solution for the case with multiple access, however,
should give a proper indication or proportion of satellites to
be used in each specific orbit.

To design a system, the probability of seeing a satellite
when the N satellites are divided into groups at various alti-
tudes and inclination angles must be determined:

pk = i - n(i - Ptti'i, (6)

where k is the index of links (station pairs); i the index of
altitudes; j the index of inclination angles; Pi/& the probabil-
ity of link k seeing a satellite at altitude i and inclination angle
?; Ha the number of satellites randomly distributed in orbit
at altitude i and inclination angle j;

£ na =N
ij

and Pk is the probability of link k having a satellite available.

Minimization of System Cost

The cost of placing satellites within the possible altitudes
and orbital inclination angles varies as a function of both
these parameters as does the coverage afforded to each link

being considered. The links are individually required to
handle a certain amount (and generally a certain type) of
traffic. To account for the varying requirements, a measure
of effectiveness (MOE) is assigned to each link; it is defined
as the probability that no satellite is available to link k.
Thus the satellite overlay must provide a probability of out-
age which is less than or equal to the MOE assigned to each
link forming part of the system: 1 — Pk ^ Ak, where Ak is
the MOE for link k. Therefore

n (\ _ p "\noV < A f*7\(i. rijk) IJ ^ Ak ( ( )

for each link k.
The set of equations thus formed provides a set of sys-

tem constraint equations which must be satisfied. A set of
linear constraint equations may be obtained by taking
logarithms of both sides of this set of constraint equations.
Thus

log |"n (1 - ft,•*)"#"] = Z n,-ylog(l - ft,-*) ^ logAk (8)
L*,y J ij

Let
log(l — Ptjk) = bijk \ogAk = ak nn = Xn (9)
Then

log [n (1 - PiiM
Lij J

i = 1,2, . . . m

= Z) x

j = 1,2, . . ' h k = 1,2, . . . z
(10)

Then the matrix of linear constraint equations is

< a,Z)

The cost of placing the equivalent satellite is Ca = rCs +
Cr where r is the number of satellites launched simultaneously,
Ct the construction cost per satellite payload, Cr the cost of
launch vehicle, and dj the cost of placement of a satellite
into the ij orbit.

The general design problem for a satellite overlay to satisfy
a number of links simultaneously may then be stated as a
standard linear programing problem. Minimize

+

subject to Eqs. (11).

H- CihXih ~\- CziXzi + . . . + cmkxmh
Since fractions of a satellite have no

Table 2 Configurations for a minimal cost satellite system derived from analysis of integer programing

MOE

0.001

0.01

0.05

0.10

Altitude,
naut miles

2,000
4,000
6,000
8,000

10,000
2,000
4,000
6,000
8,000

10,000
2,000
4,000
6,000
8,000

10,000
2,000
4,000
6,000
8,000

10,000

Total
number

100
57
42
36
39
67
37
28
24
26
44
25
19
16
17
34
19
14
12
13

3
44
1

23
39
4

17
27
15
26
6

20
3

11
17
6

15
1
7

13

Angle of

© 45°-97 (c
@ 45°- 2 ((
@ 30°-39 (<
@ 30°-13 (<
© 30°
© 45°-63 <<
© 45°-14 d
@ 60°- 1 (<
@ 30°- 9 (<
@ 30°
© 45°-38 <j
@ 45°- 1 (<
© 30°-16 <(
© 30°- 5 <j
© 30°
© 45°-28 (i
© 45°- 4 (
© 30°-12 (
© 30°- 5 (
© 30°

inclination

£ 60°
^ 60°-11 @ 90°
| 60°- 2 @ 90°
^ 90°

| 60°
^ 60°- 6 @ 90°
^ 90°
^ 90°

^ 60°
^ 60°- 4 © 90°
^ 60°
^ 90°

& 60°
^ 60°
& 60°- 1 © 90°
& 90°

$ cost,
in millions

112
109
99
96

117
75
73
66
62
78
49
47
43
41
51
38
36
33
31
39
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Fig. 1 Minimum number of satellites required as a
function of altitude and desired measure of effectiveness.

Note: Costs of achieving all orbits are equal.

meaning, the integer approach is attempted. In actuality, a
linear programing solution will generally conform quite
closely to the one obtained using integer programing tech-
niques.

Example 3
The minimum number of satellites required to satisfy all

coverage conditions simultaneously was also obtained. The
method in this case assumes equal costs for placements of
satellites. Under this assumption, minimum cost criteria
will result in the minimum number of satellites for a specified
MOE. Results are shown in Fig. 1 for each of the altitudes.

Conclu sion

A method has been developed using integer programing
techniques for optimizing a satellite configuration to satisfy
global communication systems using minimum cost criteria.
The technique may also be applied to any satellite overlay
used to optimize presence of two satellites in the line-of-sight
path of ground observers, as in navigational or satellite
weather systems. Several examples have been presented,
both for satisfying minimum cost criteria and for minimum
number of satellites.
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Example 1
The first problem selected for the purpose of illustrating the

outlined technique of obtaining a minimum-cost satellite
overlay consists of seven links that form a global belt of sta-
tions having a small variation in latitude. These links are:
Japan -^ Midway —>• Hawaii -> California -> Washington,f. /> f«
D. C. -^ Azores —>• France —>• Turkey. It is assumed that all
links require the same MOE. That is, the satellite overlay
will provide a probability of outage which is less than 0.01
(Ak = 0.01). Inclination angles of 0°, 30°, 45°, 60°, and 90°
and discrete altitudes from 2000 to 10,000 naut miles at 2000-
naut-mile intervals were chosen. Assumed cost values used
in this problem are found in Table 1. Values for Piik were
obtained using the technique outlined previously. The re-
sults for this example show a mix consisting of a single alti-
tude and inclination. The optimum orbit is 6000 naut miles
at 30° inclination. The system overlay required 35 satellites
at a total cost of $105,000,000. Results obtained by linear
programing rather than integer programing gave 34.78 satel-
lites at an orbit of 6000 naut miles and 30° inclination; round-
ing this off, results are identical. This is not the case for
example 2 below.

Example 2
Slightly different cost figures are assumed (see Table 1),

and the orbit altitude is fixed at 6000 naut miles. The in-
clination angle was permitted to vary as in example 1. The
Pijk (for H = 6000 naut miles) and Ak are the same as those
in example 1. The results show an optimum mix of 27 satel-
lites at a 60° and one satellite in a polar orbit (90°) for a total
cost of $66,000,000. The linear program results for this
problem indicate 25.56 satellites at a 60° and 2.01 satellites at
90°. Roundoffs to the next highest integers which guarantee
satisfaction of the constraint equation give 26 at 60° and 3 at
90°, which would raise the cost by $3.7,000,000 or 6% com-
pared to the integer-program results. The cost estimates of
example 2 were used in the integer program to obtain min-
mum cost mixes of satellites in various fixed altitude con-
figurations; results are given in Table 2.

Venus Swingby Mode for Manned
Mars Missions

ROBERT L. SOHN*

TRW Space Technology Laboratories, Redondo Beach,
Calif.

APROMISING new method for reducing Earth return
velocities from Mars stopover or flyby missions is the

Venus swingby mode, which utilizes the gravitational field
of Venus to decelerate the spacecraft on the return leg, or to
accelerate it on the outbound leg, to achieve a more favorable
calendar date for return from Mars. Earth entry velocities
are reduced from a maximum of 70,000 to 50,000 fps or less,
without increases in mission propulsion requirements. Venus
swingby modes have been examined previously by Ross1 and
others in connection with the 1970-1972 Mars-Venus dual
planet flybys; it is the purpose of this note to show the general
applicability of the Venus swingby technique to both Mars
stopover and flyby missions for all mission opportunities (14
opportunities were examined, covering the period from 1971 to
1999).

Launch opportunities for Mars missions are associated with
Mars-Earth oppositions, and precede by three to four months
the opposition dates, which occur on the average every 26
months. Because of the eccentricity of the Mars orbit, the
mission trajectory profiles change from one opposition to the
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